In 1985, Erdős and Neśetril conjectured that the strong edge-coloring number of a graph is bounded above by 5 4 ∆ 2 when ∆ is even and 1 4 (5∆ 2 − 2∆ + 1) when ∆ is odd. They gave a simple construction which requires this many colors. The conjecture has been verified for ∆ ≤ 3. For ∆ = 4, the conjectured bound is 20. Previously, the best known upper bound was 23 due to Horak. In this paper we give an algorithm that uses at most 22 colors.
Introduction
A proper edge-coloring is an assignment of a color to each edge of a graph so that no two edges with a common endpoint receive the same color. A strong edge-coloring is a proper edge-coloring, with the further condition that no two edges with the same color lie on a path of length three. The strong edge chromatic number is the minimum number of colors that allow a strong edge-coloring. In this paper we consider the maximum possible strong edge chromatic number as a function of the maximum degree of the graph. For other variations of the problem, we refer the reader to a brief survey by West [6] and a paper by Faudree, Schelp, Gyárfás and Tuza [3] .
We use ∆ to denote the maximum degree of the graph. In 1985 Erdős and Nešetřil conjectured that the strong edge chromatic number of a graph is at most 5 4 ∆ 2 for ∆ even and 1 4 (5∆ 2 − 2∆ + 1) for ∆ odd; they gave a construction that showed this number is necessary. Andersen proved the conjecture for the case ∆ = 3 [1] . In this paper, we consider the case ∆ = 4.
Erdős and Nešetřil's construction for ∆ = 4 is shown in figure (1a). To form this graph, begin with a 5-cycle, then expand each vertex into two nonadjacent vertices who inherit all the neighbors of the original vertex. The graph has 20 edges, and contains no induced 2K 2 (in fact, this is the largest graph that contains no induced 2K 2 and 1 INTRODUCTION 2 has ∆ = 4 [2] ). Hence, in a strong edge-coloring, every edge must receive its own color. The best upper bound previously known was 23 colors, proven by Horak [4] ; we improve this upper bound to 22 colors.
We refer to the color classes as the integers from 1 to 22. A greedy coloring algorithm sequentially colors the edges, using the least color class that is not already prohibited from use on an edge at the time the edge is colored. By the neighborhood of an edge, we mean the edges which are distance at most 1 from the edge. Intuitively, this is the set of edges whose color could potentially restrict the color of that edge. We use the notation N(e) to mean the edges in the neighborhood of e that are colored before edge e. Figure (1b) shows that the neighborhood of an edge has size at most 24. So for every edge order, we have |N(e)| ≤ 24 for each edge. Thus, for every edge order, the greedy algorithm produces a strong edge-coloring that uses at most 25 colors. However, there is always some order of the edges for which the greedy algorithm uses exactly the minimum number of colors required. Our aim in this paper is to construct an order of the edges such that the greedy algorithm uses at most 22 colors. Throughout this paper, when we use the term coloring, we mean strong edge-coloring. Each connected component of G can be colored independently of other components, so we assume G is connected. We allow our graphs to include loops and multiple edges. We use δ to denote the minimum degree of the graph and we use d(v) to denote the degree of vertex v. The girth of a graph is the length of the shortest cycle.
• Let v be an arbitrary vertex of a graph G. Let dist v (v 1 ) denote the distance from vertex v 1 to v. Let distance class i be the set of vertices at distance i from vertex v. The distance class of an edge is the minimum of the distance classes of its vertices. We say that an edge order is compatible with vertex v if e 1 precedes e 2 in the order only when dist v (e 1 ) ≥ dist v (e 2 ). Intuitively, we color all the edges in distance class i + 1 (farther from v) before we color any edge in distance class i (nearer to v). Similarly, if we specify a cycle C in the graph, we can define distance class i to be the set of vertices at distance i from cycle C. We say an edge order is compatible with C if e 1 precedes e 2 in the order only when dist C (e 1 ) ≥ dist C (e 2 ). Proof. We first consider the case of leaving uncolored only the edges incident to a single vertex. Let v be a vertex of G. Greedily color the edges in an order that is compatible with vertex v. Suppose we are coloring edge e, not incident to v. Let u be a vertex adjacent to an endpoint of e that is on a shortest path from e to v. Then none of the four edges incident to u has been colored, since each edge incident to u is in a lower distance class than e. Thus, |N(e)| ≤ 24 − 4 = 20.
Lemma 1
To prove the case of leaving uncolored only the edges of C, we color the edges in an order compatible with C. The argument above holds for every edge not incident to C. If e is incident to C and |C| ≥ 4, then at least four edges in the neighborhood of e are edges of C; so again |N(e)| ≤ 24 − 4 = 20. If e is incident to C and |C| = 3, then by counting we see that the neighborhood of e has size at most 23. The three uncolored edges of C imply that |N(e)| ≤ 23 − 3 = 20.
Lemma 1 shows that if a graph has maximum degree 4 we can color nearly all edges using at most 21 colors. In the rest of this paper, we show that we can always finish the edge-coloring using at most one additional color. Theorem 2 is the main result of this paper. We give the proof of the general case (4-regular and girth at least six) now, and defer the other cases (when the graph is not 4-regular or has small girth) to lemmas 4-10 in the remainder of the paper.
Theorem 2 Any graph with maximum degree 4 has a strong edge-coloring with at most 22 colors.

Lemma 3 Any 4-regular graph with girth at least six has a strong edge-coloring with at most 22 colors.
Proof. By Lemma 1, we choose an arbitrary vertex v, and greedily color all edges not incident to v, using at most 21 colors. Now we recolor edges e 1 , e 2 , e 3 , and e 4 (as shown in figure 2) using color 22. This allows us to greedily extend the coloring to the four edges incident to v. Edges e 1 , e 2 , e 3 , and e 4 can receive the same color since the girth of G is at least 6. Lemma 3 proves Theorem 2 for 4-regular graphs with girth at least 6. To prove Theorem 2 for graphs that are not 4-regular and graphs with girth less than six, we use two ideas. In Section 2, we consider graphs that are not 4-regular and graphs with girth at most 3. In each case, we exploit local structure of the graph to give an edge order with |N(e)| ≤ 20 for every edge in G. In Sections 3 and 4, we consider 4-regular graphs with girth 4 or 5. We find pairs of edges that can receive the same color. In this case, even though |N(e)| > 21, because not every edge in N(e) receives a distinct color, we ensure that at most 22 colors are used. Figure 2 : Vertex v has degree 4 and the girth of the graph is at least 6.
Graphs with δ < 4 or girth at most 3
The three lemmas in this section are each proved using the same idea. We color nearly all edges as in Lemma 1. We show that due to the presence of a low degree vertex, a loop, a double edge, or a 3-cycle, it is possible to order the remaining uncolored edges so that a greedy coloring uses at most 21 colors.
Lemma 4 Any graph with maximum degree 4 that has a vertex with degree at most 3 has a strong edge-coloring that uses 21 colors.
Proof. We assume 
Lemma 6 A 4-regular graph with girth 3 has a strong edge-coloring that uses 21 colors.
Proof. Let C be a 3-cycle in the graph. By Lemma 1 we greedily color all edges except the edges of C; this uses at most 21 colors. An edge of a 3-cycle has a neighborhood of size at most 20, so each of the three uncolored edges satisfies |N(e)| ≤ 18 and we can greedily finish the coloring.
4-regular graphs with girth four
Lemma 1 shows that we can color nearly all edges of the graph using 21 colors. Here we consider 4-regular graphs of girth four. We give an edge order such that the greedy coloring uses at most 22 colors; in some cases we precolor four edges prior to the greedy coloring. We use A(e) to denote the set of colors available on edge e. edges a 1 , b 1 , a 3 , and b 3 a pack. Consider the case when we can assign color 22 to two edges of the pack. Now we greedily color all edges except the edges of C. This uses at most 21 colors (Lemma 1). Each c i has a neighborhood with size at most 22. Since color 22 is used twice in the neighborhood of each c i , each c i satisfies |A(c i )| ≥ 4. So we can greedily finish the coloring. Instead consider the case when no pair of edges in the pack can receive the same color. This implies the existence of edges between each pair of nonadjacent edges of the pack. Call these four additional edges diagonal edges. Observe (by counting) that the neighborhood of a diagonal edge has size at most 21. So we can color the diagonal edges last in the greedy coloring. Thus we greedily color all edges except the four edges of C and the four diagonal edges (this uses at most 21 colors). Now we color the four edges of 6 C (the four uncolored diagonal edges ensure there are enough colors available to color the edges of C). Lastly, we color the four diagonal edges.
Lemma 7 Any 4-regular graph with girth 4 has a strong edge-coloring that uses 22 colors.
Proof. Let
Finally, suppose that the uncolored edges contain no adjacent pairs. In this case we will greedily color almost all edges of the graph (Lemma 1), but must do additional work beforehand to ensure that after greedily coloring most of the edges each c i will satisfy |A(c i )| ≥ 4. As above, call edges a 1 , b 1 , a 3 , and b 3 a pack. Similarly, call edges  a 2 , b 2 , a 4 , and b 4 a pack.
Consider the case when we can assign color 21 to two edges of one pack and assign color 22 to two edges of the other pack. We greedily color all edges but the four edges of C. Lemma 1 showed that a similar greedy coloring used at most 21 colors; however in Lemma 1 none of the edges were precolored. We adapt that argument to show that even in the presence of these four precolored edges a greedy coloring uses at most 22 colors. Lemma 1 argued there were at least four uncolored edges in the neighborhood of the edge being colored, so |N(e)| ≤ 20. The same argument applies in this case except that possibly one of the edges that was uncolored in Lemma 1 is now colored. Hence |N(e)| ≤ 21 (this follows from the fact that the four uncolored edges in Lemma 1 were incident to the same vertex and in the present situation at most one precolored edge is incident to each vertex). Hence, the greedy coloring uses at most 22 colors. The neighborhood of each c i has size at most 23. Since colors 21 and 22 are each repeated in the neighborhood of each c i , we see that each c i satisfies |A(c i )| ≥ 4. So we can greedily finish the coloring.
Instead, consider the case when we can not assign color 21 to two edges of one pack and assign color 22 to two edges of the other pack. If no two edges in a pack can receive the same color, this implies the existence of edges between each pair of nonadjacent edges of the pack. These four diagonal edges each have a neighborhood with size at most 21. As we did above, we greedily color all edges except the four edges of C and the four diagonal edges. Now we color the four edges of C, and lastly, we color the four diagonal edges.
4-regular graphs with girth five
Here we consider 4-regular graphs with girth five. As in the case of girth four, we color nearly all the edges by Lemma 1. Intuitively, if there are enough different colors available to be used on the remaining uncolored edges, we should be able to complete this coloring by giving each uncolored edge its own color. However, if there are fewer different colors available than the number of uncolored edges, this approach is doomed to fail. Hall's Theorem formalizes this intuition. In the language of Hall's Theorem, we have m uncolored edges, and the set A i denotes the colors available to use on edge i. For a proof of Hall's Theorem, we refer the reader to Introduction to Graph Theory [5] . We define a partial coloring to be a strong edge-coloring except that some edges may be uncolored. Suppose that we have a partial coloring, with only the edge set T left uncolored. Let A(e) be the set of colors available to color edge e. Then Hall's Theorem guarantees that if we are unable to complete the coloring by giving each edge its own color, there exists a set S ⊆ T with |S| > | ∪ e∈S A(e)|. Define the discrepancy, disc(S) = |S| − | ∪ e∈S A(e)|.
Our idea is to color the set of edges with maximum discrepancy, then argue that this coloring can be extended to the remaining uncolored edges.
Lemma 9 Let T be the set of uncolored edges in a partially colored graph. Let S be a subset of T with maximum discrepancy. Then a valid coloring for S can be extended to a valid coloring for all of T .
Proof. Assume the claim is false. Since the coloring of S cannot be extended to T \ S, some set of edges S ′ ⊆ (T \ S) has positive discrepancy (after coloring S). We show that disc(S ∪ S ′ ) > disc(S). Let R be the set of colors available to use on at least one edge of (S ∪ S ′ ). Let R 1 be the set of colors available to use on at least one edge of S. Let R 2 be the set of colors available to use on at least one edge of S ′ after the edges of S have been colored. Let k = disc(S). Then |S| = k + |R 1 | and |S ′ | ≥ 1 + |R 2 |. Since S and S ′ are disjoint, we get
The latter inequality holds since a color which is in R \ R 1 must be in R 2 and therefore we have
This contradicts the maximality of disc(S). Hence, any valid coloring of S can be extended to a valid coloring of T .
Lemma 10 If G is a 4-regular graph with girth 5, then G has a strong edge-coloring that uses 22 colors.
Proof. Let C be a 5-cycle, with the 5 edges labeled c i (1 ≤ i ≤ 5) in clockwise order and the pair of edges not on the cycle and adjacent to c i and c i−1 is labeled a i and b i (all subscripts are mod 5). We refer to the edges labeled by a i and b i as incident edges. Edge a 1 is at least distance 2 from at least one of edges a 3 and b 3 ; for if a 1 has edge e 1 to a 3 and edge e 2 to b 3 then we have the 4-cycle e 1 , e 2 , b 3 , a 3 . Thus (by possibly renaming a 3 and b 3 ) we can assume there is no edge between edges a 1 and b 3 .
By repeating the same argument, we can assume there is no edge between the two edges of each of the following pairs: (a 1 , b 3 ), (a 3 , b 5 ), (a 5 , b 2 ), and (a 2 , b 4 ). Assign color 21 to edges b 1 and c 3 and assign color 22 to edges a 5 and b 2 . Greedily color all edges except the edges of C and the incident edges. This uses at most 22 colors.
There are 11 uncolored edges; if we can not assign a distinct color to each uncolored edge, then Hall's Theorem guarantees there exists a subset of the uncolored edges with positive discrepancy. Let S be a subset of the uncolored edges with maximum discrepancy. By counting the uncolored edges in the neighborhood of each edge, we observe that if e is an edge of C, then |A(e)| ≥ 8 and if e is an incident edge then |A(e)| ≥ 5. We can assume that S contains some edge of C, since otherwise we can greedily color S (Lemma 1), then extend the coloring to the remaining uncolored edges (Lemma 9). Since disc(S) > 0 and |A(e)| ≥ 8 for each edge of C, we have |S| is 9, 10, or 11.
Suppose |S| is 9 or 10. Then since S is missing at most two uncolored edges, S contains at least one of the pair (a 1 , b 3 ) , the pair (a 2 , b 4 ), and the pair (a 3 , b 5 ). Since each edge in the pair satisfies |A(e)| ≥ 5 and | ∪ e∈S A(e)| ≤ 9, some color is available for use on both edges of the pair. Assign the same color to both edges. Since the neighborhood of each uncolored incident edge, e, contains at least three uncolored edges of C, we have |N(e)| ≤ 24 − 3 = 21; so we can greedily color the remaining uncolored incident edges. Now if S contains the pair (a 1 , b 3 4 , it had been available on exactly one edge of each of the three pairs. Greedily color those three edges (none of the colors used on these three edges is color x). Now the three remaining uncolored incident edges each satisfy |A(e)| ≥ 3, so we can greedily color them. Greedily color the three remaining edges in the order c 2 , c 4 , c 5 .
Conclusion
We note that it is straightforward to convert this proof to an algorithm that runs in linear time. We assume a data structure that stores all the relevant information about each vertex. Using breadth-first search, we can calculate the distance classes, as well as implement each lemma in linear time.
A natural question is whether it is possible to extend the ideas of this paper to larger ∆. The best bound we could hope for from the techniques of this paper is 2∆ 2 − 3∆ + 2.
It is straightforward to prove an analog of Lemma 1 that gives a strong edge-coloring of G that uses 2∆ 2 − 3∆ + 1 colors except that it leaves uncolored those edges incident to a single vertex (however, the author was unable to prove an analog to the "uncolored cycle" portion of Lemma 1). If G contains a loop, a double edge, or a vertex of degree less than ∆, then by the analog of Lemma 1 G has a strong edge-coloring that uses at most 2∆ 2 − 3∆ + 1 colors. Using the ideas of Lemma 3, we see that if G is ∆-regular and has girth at least 6, then G has a strong edge-coloring that uses 2∆ 2 − 3∆ + 2 colors. Thus, to complete a proof for graphs with larger ∆, one must consider the case of regular graphs with girth 3, 4, or 5.
